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A NOTE ON GALOIS GROUPS AND LOCAL DEGREES
SARA CHECCOLI
Abstract. In this paper, we consider infinite Galois extensions of num-
ber fields and study the relation between their local degrees and the
structure of their Galois groups. It is known that, if K is a number
field and L/K is an infinite Galois extension of group G, then the local
degrees of L are uniformly bounded at all rational primes if and only
if G has finite exponent. In this note we show that the non uniform
boundedness of the local degrees is not equivalent to any group theoret-
ical property. More precisely, we exhibit several groups that admit two
different realisations over a given number field, one with bounded local
degrees at a given set of primes and one with infinite local degrees at
the same primes.
1. Introduction
This note is about the characterisation of infinite Galois extensions of
number fields with special local behaviours in terms of their Galois group.
We say that a subfield F of Q has bounded local degrees at a prime number
p if it can be embedded in some finite extension of Qp. We say that F has
uniformly bounded local degrees if there exists a positive integer n such that,
for every prime p, F can be embedded in some finite extension of Qp of
degree at most n.
Clearly all number fields have uniformly bounded local degrees. An ex-
ample of an infinite extension of Q with uniformly bounded local degrees,
given by Bombieri and Zannier in [BZ01, Proposition 1], is the compositum
of all extensions of degree at most d of a number field.
In [CZ11] and [Che13] it is proved that a Galois extension of a number
field has uniformly bounded local degrees if and only if its Galois group has
finite exponent. So, for a Galois extension, the uniform boundedness of the
local degrees translates into a property of its Galois group. The aim of this
paper is to investigate whether the same happens for Galois extensions with
bounded local degrees at some primes. More precisely:
Question 1. Let S be a set of rational primes, K a number field and L/K
a Galois extension of group G. Does there exist a group theoretical property
on G equivalent to the boundedness of the local degrees of L/K at all primes
in S?
This question has some interest also in connection to the Bogomolov
property (B), a property on the height of algebraic numbers, introduced
by Bombieri and Zannier in [BZ01]: a subfield L of Q has property (B) if
the absolute logarithmic Weil height of every element in L is either zero or
is bigger than an absolute positive constant.
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Northcott’s theorem easily implies that every number field satisfies prop-
erty (B), while to determine whether property (B) holds for an infinite alge-
braic extension of Q is in general a difficult problem. Nevertheless, property
(B) was proved to be true for several fields, including the maximal totally real
extension Qtr of Q (by Schinzel in [Sch73]), the maximal abelian extension
of a number field K (by Amoroso and Zannier, see [AZ00] and [AZ10], gen-
eralising a former result of Amoroso and Dvornicich in [AD00] for K = Q)
and the field generated over Q by all the torsion points of an elliptic curve
defined over Q (by Habegger in [Hab13]).
A connection between the boundedness of the local degrees and property
(B) was established in [BZ01], where the authors prove that every Galois
extension L/K of a number field K having bounded local degrees at some
prime enjoys property (B) (so, in particular, the field of totally p-adic num-
bers Qtp has (B), yielding a p-dic analogue of Schinzel’s result). This was
later generalised by Amoroso, David and Zannier in [ADZ14] where it is
proved that, if G is the Galois group of L/K, property (B) holds for L un-
der the weaker assumption that the subfield of L fixed by the center of G
has bounded local degrees at some prime.
In [ADZ14] the authors also define property (B) for groups: a profinite
group G has property (B) if for every number field K and for every Galois
extension L/K of group G, the field L has property (B).
To the best of the author’s knowledge, all the known examples of groups
having property (B) are groups G such that the quotient of G by its center
has finite exponent: indeed, in this case, if L/K is a Galois extension of
group G, the subfield of L fixed by the center of G will have uniformly
bounded local degrees at all primes. It is natural to investigate whether
other groups with (B) exist and what can be said about their structure.
In this respect, Question 1 asks whether it is possible to characterise those
groups having (B) because of the (non uniform) boundedness of the local
degrees at some primes of their realisations over any number field. We recall
that if G is a group and K is a number field a realisation of G over K is a
Galois extension L/K of group G.
In this paper we give a negative answer to Question 1, even when the
local degrees are bounded at all rational primes, by proving the following
result:
Theorem 1. Let S be a set of rational primes. Let K be a number field
and let µ(K) be the group of its roots of unity. Let G =
∏
m≥1Gm be a
direct product of a family of finite groups {Gm}m with unbounded exponents
and suppose that, for every m, the group Gm satisfies one of the following
conditions:
(1) Gm is abelian of odd order;
(2) Gm is solvable of order prime to |µ(K)|;
(3) Gm is an iterated semidirect products of abelian groups of order not
divisible by the primes in S.
Then G has a realisation over K with bounded local degrees at all primes in
S. If moreover the groups Gm’s have coprime orders, then G admits also a
realisation over K with unbounded local degrees at all primes in S.
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The proof of Theorem 1 is based on the existence of solutions to certain
Grunwald problems. The Grunwald problem, a strong variant of the inverse
Galois problem, asks whether, given a finite group G and a number field K,
there exists a realisation of G over K having prescribed completions at a
given finite set of primes. In Section 2, Theorem 2, we prove that the direct
product of the groups Gm can be realised in two ways (with bounded or
unbounded local degrees at any fixed set of primes) whenever every cyclic
Grunwald problems for Gm has enough solutions. Theorem 1 is then a
corollary of Theorem 2 and results of Grunwald, Wang, Neukirch, Demarche,
Lucchini Arteche and Neftin. At the end of Section 2 the link between our
problem and property (B) for groups is discussed in more details.
The proof of Theorem 1 does not produce explicit realisations. A more
explicit construction for certain abelian groups is given in Section 3, where
a link between the boundedness of the local degrees of a field and the degree
of its finite monogenic subextensions is also discussed.
In Section 4, Proposition 2, we show that the existence of a realisation
with bounded local degrees at some primes holds also for other classes of
profinite groups than direct products: these groups are constructed as it-
erated semidirect products by finite nilpotent groups. The proof relies on
the existence of solutions to certain embedding problems with nilpotent ker-
nel (a central step in the proof of Shafarevich’s theorem on the realisability
of finite solvable groups). This, however, produces extensions with a quite
special local structure and this approach seems to be difficult to exploit for
more general families of profinite groups.
2. The Grunwald problem and proof of Theorem 1
Let K be a number field. If v is a prime of K, we denote by Kv the
completion of K with respect to v. Let G be a finite group and T a finite
set of primes of K. The Grunwald problem asks whether for every choice
of finite Galois extensions Lv of Kv, v ∈ T , of group Gv embeddable in G,
there exists a finite Galois extension L/K of group G having completions
isomorphic to Lv at the primes above v, for all v ∈ T .
When the answer is affirmative, we call L a solution of the Grunwald
problem for (G,T , {Gv}v∈T ).
The Grunwald problem is shown to have a positive answer, for example,
when G is an abelian group of odd order by the Grunwald-Wang theorem
(see[Gru33], [Wan50]), G is a solvable group of order prime to the order of
the group of roots of unity in K (by Neukirch [Neuk79]), G has a generic
extension over K (this means that all extensions of K of group G are ob-
tained by specialisations of the same function field extension, see Saltman’s
work [Sal82]), G is regular over K, the local extensions are unramified and
the set T only contains primes bigger than a certain constant depending on
G (by De`bes and Ghazi [DG12]), G is an iterated product of abelian groups
and the primes in T do not divide the order of G (by Demarche, Lucchini
Arteche and Neftin [DLAN17]). Conjecturally (see Colliot-The´le`ne’s paper
[Col03, Section 2] and also [DLAN17, Section 2.5]) for every group G, there
is a set of ’bad’ primes such that if T is disjoint from this set, then the
Grunwald problem has a positive answer.
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To prove Theorem 1, we need to construct realisations of direct products
of groups with special local behaviours. The construction relies on the exis-
tence of solutions to certain cyclic Grunwald problems and on the fact that
such solutions can be chosen to be linearly disjoint. More precisely, we have
the following:
Theorem 2. Let S = {p1, p2, p3, . . .} be a set of rational primes and let K be
a number field. Let T = {v1, v2, v3, . . .} be a set of primes of K such that vi
lies above pi for every i and set Tm = {v1, . . . vm}. Let {Gm}m be a family of
finite groups with unbounded exponents and denote by G =
∏
m≥1Gm their
direct product.
Suppose that, for every choice of a family {{Gm,v}v∈Tm}m where, for every
m and for every v ∈ Tm, Gm,v is a cyclic group embeddable in Gm, there ex-
ists a family {Lm}m of Galois extensions of K such that, for everym, Lm/K
is a solution to the Grunwald problem for (Gm,Tm, {Gm,v}v∈Tm) and Lm is
linearly disjoint, over K, from the compositum of the fields L1, . . . , Lm−1.
Then G admits two realisations over K, one with local degrees at all
primes pi ∈ S bounded by [K : Q] if i = 1 and by [K : Q]
∏i−1
j=1 |Gj | if
i ≥ 2, and one with unbounded local degrees at all primes in S.
Proof. Realisation with bounded local degrees. For every m ≥ 1 and for every
v ∈ Tm, take Gm,v = 1 equal to the identity group. By hypothesis, there
exists a family of extensions of K, {Lm}m, such that Lm/K is a solution of
the Grunwald problem (Gm,Tm, {1}v∈Tm) and Lm is linearly disjoint over
K from the compositum of the fields L1, . . . , Lm−1.
Denote by L the compositum of all Lm’s. Then L is a Galois extension
of K of group G and its local degrees at pi ∈ S are bounded by [K : Q] if
i = 1 and by [K : Q]
∏i−1
j=1 |Gj | if i ≥ 2.
Realisation with unbounded local degrees. As the exponents of the groups
Gm are unbounded, for every integer n ≥ 2, there exists an indexmn 6= mn−1
(with m1 = 1) such that the group Gmn possesses a cyclic subgroup Cn of
order bigger than n. Moreover the mn’s can be chosen so that mn < mn+1
for every n ≥ 1. We denote by I = {mn}n≥1 the set of such indexes (clearly
the set I is infinite and unbounded).
Now, for every m ≥ 1 and for every v ∈ Tm, set Gm,v = 1 if m 6∈ I and
Gm,v = Cn if m = mn ∈ I. By hypothesis, there exists a family {Lm}m
of Galois extensions of K such that, for every m ≥ 1, Lm/K is a solution
of the Grunwald problem (Gm,Tm, {Gm,v}v∈T ) and Lm is linearly disjoint
over K from the compositum of the fields L1, . . . , Lm−1.
Denoting by L the compositum of all Lm’s, we have that L is a Galois
extension of K of group G and its local degrees at any prime pi ∈ S are
unbounded as, for all mn ∈ I with mn ≥ i, the local degrees of Lmn/K at
pi are bigger than n. 
Now Theorem 1 follows as a corollary of Theorem 2 and the above cited
results.
Proof of Theorem 1. Let {Gm}m be a family of finite groups such that, for
every m, Gm satisfies one of the three conditions (1), (2) or (3) of Theorem
1. Then, by the above cited results, the Grunwald problem has a positive
A NOTE ON GALOIS GROUPS AND LOCAL DEGREES 5
answer for Gm: more precisely, this follows from the Grunwald-Wang theo-
rem (see [Gru33], [Wan50]) in case (1), from Neukirch’s result [Neuk79] in
case (2) and from the recent work of Demarche, Lucchini Arteche and Neftin
[DLAN17] in case (3).
Notice that if the groups Gm’s have coprime orders, then all their realisa-
tions will be automatically linearly disjoint and we can conclude by Theorem
2.
Assume now that the orders of the groups Gm’s are not coprime. We
want to show that also in this case we can find a realisation of the group
G =
∏
m≥1Gm over K having bounded local degrees at all primes in S.
Notice that if Γ is a finite group which satisfies one of the conditions (1),
(2) or (3) of Theorem 1, then the direct product Γn of n copies of Γ will
satisfy the same condition for every integer n ≥ 1. Indeed, this is clearly
true when Γ satisfies (1) of (2). We now want to show that if Γ1 and Γ2
are two groups satisfying condition (3), then Γ1×Γ2 also satisfies condition
(3). By hypothesis, Γ1 can be written as H1 ⋊ϕ A1 where A1 is abelian, H1
satisfies property (3) and ϕ : A1 → Aut(H1). Then Γ1×Γ2 is isomorphic to
the semidirect product (Γ2×H1)⋊ϕA1, where the action of A1 on Γ2×H1 is
trivial on the first factor and is given by ϕ on the second. One can conclude
by induction, as |Γ2 ×H1| < |Γ1 × Γ2|.
So, by the above cited results, if Γ satisfies one of the three conditions
(1), (2) or (3), for every n, for every finite subset of primes T of K above
some primes in S and setting, for every v ∈ T , Γnv = 1 equal to the trivial
group, the Grunwald problem for (Γn,T , {1}v∈T ) has a solution Mn. Thus,
by Galois theory, for every fixed finite extension F/K, if n is big enough,
we can choose a subextension of Mn giving a solution to the Grunwald
problem for (Γ,T , {1}v∈T ) linearly disjoint from F over K. In particular, if
S = {p1, p2, . . .} and Tm = {v1, . . . , vm} are primes of K, with vi above pi
for all i’s, there exists a family of extensions of K, {Lm}m, such that Lm/K
is a solution of the Grunwald problem (Gm,Tm, {1}v∈Tm ) and Lm is linearly
disjoint over K from the compositum of L1, . . . , Lm−1. The compositum of
all such Lm’s is then a realisation of G over K with the required properties.

Remark 3. In [DG12, Theorem 1.2 and Corollary 1.5] De`bes and Ghazi
proved that if G is a finite group which is regular over K (i.e. there exists a
Galois extension E/K(T ) of group G such that E ∩K = K), and if the set
S does not intersect a finite set of ’bad primes’ for the extension E/K(T )
(see [DG12], Theorem 1.2, condition (good red) for a precise definition), then
every unramified Grunwald problem has a solution. More precisely, if v is a
prime of K above some prime in S, for every family of unramified extensions
Fv/Kv of group embeddable in G, there is a Galois extension F/K of group
G having these local fields as completions.
Via this result and using Theorem 2, Theorem 1 can be extended to
realisations of direct products of groups {Gm}m such that, for every m:
(i) Gm is regular over K;
(ii) the set S does not intersect a finite set of ’bad’ primes for Gm (in
particular for every p ∈ S, p ∤ |Gm|).
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Notice that, if the answer to the Regular Inverse Galois Problem is affirma-
tive, then condition (i) holds for any finite group. So conjecturally, Theorem
1 should be true for any direct product of finite groups of unbounded expo-
nents, provided that the set S satisfies condition (ii).
2.1. Some remarks related to property (B). We end the section with
some speculations on the link between the boundedness of the local degrees
for a Galois extension and property (B) for groups, whose definition is re-
called in the Introduction.
As already said, in [ADZ14] property (B) is shown to be true for groups G
whose inner automorphism group has finite exponent and a natural question
is to understand whether there are other families of groups with (B). To
this aim, we may relax Question 1 and consider only one direction. More
precisely, let G be a profinite group, K be a number field and L/K a Galois
extension of group G:
Question 2. Does there exist a group theoretical property P (p,Bp) on G
which implies that the field L has local degrees at the prime p bounded by
some positive constant Bp?
Clearly a positive answer to Question 2 would give a new family of groups
with (B).
Notice that G satisfies property P (p,B) for every p and for some constant
B (independent of p) if and only ifG has bounded exponent. So, for instance,
a na¨ıve guess for property P (p,Bp) could be that exp(G) is divisible by a
finite number of primes (depending on Bp) and it has finite p-adic valuation.
However, this cannot be a good formulation; indeed, if L is the compositum
of all fields of the form Q(ζ2n) and G = Gal(L/Q), since [Q(ζ2n) : Q] =
φ(2n) = 2n−1, then G is a 2-group and the p-adic valuation of exp(G) is 0
for all p 6= 2. However L has infinite local degrees above all rational primes,
since it contains infinitely many roots of unity (see also Remark 5 in Section
3).
Theorem 2 implies that Question 2 has a negative answer when G is an
infinite direct product of families of groups for which certain Grunwald prob-
lems have ’enough’ solutions. It is reasonable to believe that the answer to
Question 2 should be negative for all profinite groups of unbounded expo-
nent, under the assumption of a certain flexibility on the local structure
of the solutions of general embedding problems (a problem which, at the
current state, seems to be out of reach).
Remark 4. Even though without implications on Property (B), it is of some
interest to consider also the reverse direction in Question 1, namely: if K
is a number field and L/K is a Galois extension of group G with bounded
local degrees at all primes, what can be said on the structure of G?
A first answer is thatG is not torsion free. Assume the contrary, then since
L/K is non trivial, there exists at least one prime v of K which ramifies in
L/K. But if G is torsion free, all decomposition subgroups are either trivial
or infinite. Therefore, the decomposition subgroups at v are infinite and the
local degrees at v are not bounded. This last also implies the local degrees
of the maximal totally real extension of the rationals, Qtr/Q, cannot be
bounded at all primes, as it is proved in [ADZ14] that Gal(Qtr/Q) is torsion
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free (actually, they are unbounded at all primes, as Qtr contains the splitting
fields Kp of the p-Eisenstein polynomials x
3 − 2px+ p, whose discriminant
is p2(32p − 27), and p totally ramifies in Kp for all p).
Moreover, it is easy to see that if L/K is Galois, then it has bounded local
degrees at p if and only if there exists a finite extension F/K, with F ⊆ L,
such that ifS is the set of primes of F above p, then L ⊆ F tot,S, where F tot,S
is the maximal extension of F is which every prime of S splits totally. This
implies in particular, that G has a finite index subgroup which is a quotient
of Gal(FS/F ). However, while the structure of the absolute Galois group
of FS has been described by Pop [Pop96] (see also the generalisation by
Haran, Jarden and Pop in [HJP09]) as a free product of local groups, to the
author’s knowledge no much is known about the structure of Gal(FS/F ),
not even whether an analogue result to the one of [ADZ14] for Gal(Qtr/Q)
holds.
3. Monogenic extensions and an explicit example
In this section we will construct explicitly two realisations over Q, one
with bounded local degrees at all primes, and one with unbounded local
degrees at all primes, of a certain infinite direct product of abelian groups
of even orders (a case not covered by Theorem 1).
3.1. Local degrees and monogenic extensions. We start with a result
concerning the link between the boundedness of the local degrees for a field
L and the boundedness of the degrees of its finite monogenic subextensions.
Proposition 1. Let L be an infinite algebraic extension of Q with bounded
local degrees at the rational prime p. Let {αm}m be a family of algebraic
integers in L of degrees tending to infinity. Set Lm = Q(αm) and denote by
OLm its ring of integers. Then p divides the index [OLm : Z[αm]] for all but
finitely many m.
In particular, if the local degrees of L at p are bounded by B, all the finite
monogenic subextensions of L have degree at most pB
2+1B2.
Proof. Suppose that the index [OLm : Z[αm]] is prime to p for infinitely
many m. For every m, let fm(x) ∈ Z[x] be the minimal polynomial of αm.
Then, by Dedekind’s criterion, for infinitely many m’s the splitting of p in
OLm is determined by the factorisation of fm(x) mod p. More precisely, let
fm(x) = gm1(x)
em1 · · · gmn(x)
emn
be the factorisation into coprime factors and set fmj = deg(gmj (x)). Then
the integers emi ’s and the fmi ’s are, respectively, the ramification indexes
and inertia degrees of the primes of OLm above p. By assumption, for all m
and for all i, emi and fmi are both bounded by a constant. Thus the number
of possible factors gmj (x), and hence the number of possible polynomials
fm(x), is finite. In particular, for all m, the degree of fm(x) is bounded. On
the other hand, we have deg fm(x) = deg fm(x), contradicting the fact that
{αm}m is a family of algebraic integers of degree tending to infinity.
In particular, if B is a bound for the local degrees of L at p and if αm
generates a monogenic extension inside L, then, the coprime factors of fm(x)
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modulo p have degree at most B2 and so the number of such factors is clearly
at most pB
2+1. Therefore the degree of fm(x) is bounded by p
B2+1B2. 
Remark 5. Proposition 1 implies, in particular, that:
(i) L contains finitely many roots of unity, as cyclotomic fields are mono-
genic (the finiteness of the roots of unity in L can also be proved by
direct computations on the ramification of primes in cyclotomic exten-
sions);
(ii) all roots of p-Eisenstein polynomials in L are algebraic elements of
bounded degree (this follows from a well-known result [BS66, Section
2.5, Exercise 19]).
3.2. A more explicit construction. Consider the set
Λ = {q prime | q − 1 is square free}.
By [Mir49] (see also [HM03, Section 6.2.2]) this is an infinite set.
For every n, we denote by Cn the cyclic group of order n. We have then
the following:
Theorem 6. Let S be a set of rational primes. Let
G =
∏
q∈Λ
Cq−1.
Then G admits two realisations over Q, one with infinite local degrees at
all the primes in S (and actually, at all the rational primes) and one with
bounded local degrees at all the primes in S.
Proof. A realisation with infinite local degrees. Let L be the compositum
of all fields {Q(ζq)}q∈Λ, where ζq is a primitive q-th root of unity. Clearly
L is the compositum of fields which are all pairwise linearly disjoint over
Q and so Gal(L/Q) = G. Moreover, in view of Remark 5, L has infinite
local degree at every rational prime, since it contains infinitely many roots
of unity.
A realisation with bounded local degrees. Fix a prime number q, a number
field F and a finite set of rational primes T . We first show how to construct
explicitly a Galois extension of L/Q cyclic of degree q such that L ∩ F = Q
and such that all primes in T totally split in L.
Suppose that |T | = n. Dirichlet’s theorem on primes in arithmetic pro-
gressions ensures that there exists a set of primes L = {ℓ1, · · · , ℓn+1} such
that for every i = 1, . . . , n+1 we have ℓi is congruent to 1 modulo q, ℓi 6∈ T
and Q(ζℓi) ∩ F = Q, where ζℓi is a primitive ℓi-th root of unity.
Clearly the field Q(ζℓ1···ℓn+1) contains a subfield E such that E/Q is Galois
with Galois group q-elementary abelian of order qn+1. In particular, the
extension E/Q is unramified outside the set of primes ℓ1, . . . , ℓn+1, so in
particular at the primes in T .
Consider the subfield of E fixed by all elements {σp | p ∈ T } where σp
denotes the Frobenius at p (which generates the cyclic decomposition group
at p). This extension has degree at least q over Q and, in particular, contains
a cyclic subfield L of degree q over Q. We remark that, by construction,
L ∩ F = Q and every prime p ∈ T splits totally in L/Q.
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Now, write S = {p1, p2, . . .} and Λ = {q1, q2, . . .} with pj < pi and qi < qj
for i < j. We have qi − 1 = γi,1 · · · γi,ni where γi,j are pairwise distinct
primes and Cqi−1 =
∏ni
j=1Cγi,j .
By the above result, we can construct inductively, for every i ≥ 1 and for
every j = 1, . . . , ni, a realisation Li,j/Q of the group Cγi,j over Q which is
linearly disjoint from any Lm,k with m < i or k < j and in which all the
primes p1, . . . , pi split totally. The compositum L/Q of all the fields Li,j is
therefore a Galois extension of group G having local degrees at the prime
pn ∈ S bounded by
∏n
k=1(qk − 1). 
4. A construction with iterated semi-direct products
In this section we show the existence of realisations with bounded local
degrees at some primes for certain profinite groups which are not necessarily
direct products. The construction here is based on the existence of solutions
of certain embedding problems with special local properties.
Let Γ and G be finite groups with a surjective homomorphism ϕ : Γ։ G
and set H = ker(ϕ). Let F/K be a normal extension of number fields with
Galois group G.
The embedding problem for (F/K,Γ,H) asks whether there exists a finite
Galois extension L/K of group Γ such that F ⊆ L and for every σ ∈
Gal(L/K), we have σ ↾F= ϕ(σ). If this exists, it is called a solution of the
embedding problem and H is called the kernel of the embedding problem.
In [Sha58] (see also [NSW, Theorem 9.5.10]) Shafarevich proves that every
split embedding problem with nilpotent kernel has a solution (this is the
fundamental step in the proof of the realisability of finite solvable groups
over number fields). More precisely, he proves that if G and H are finite
groups with H nilpotent and G acting on H, Γ = H⋊G and F/K is a finite
Galois extensions of number fields of group G, then the embedding problem
for (F/K,Γ,H) has a solution L/K.
The solution L/K obtained has however special local properties and using
this approach it is not possible to realise any given local behaviour. In
particular, our construction is based on the fact that all primes ramifying
in F/K split totally in L/F (see [NSW, Theorem 9.5.11 (i)]).
We have the following:
Proposition 2. Let K be a number field and denote by µ(K) the group of
roots of unity in K. Let {Gm}m be a family of finite groups such that G1
is solvable and, for every m ≥ 2, we have Gm = Nm ⋊ Gm−1 where Nm
is nilpotent. Let G be the inverse limit of the family {Gm}m (the bonding
maps being the natural projection from Gm to Gm−1). Then:
(1) for every positive integer B, there exists a Galois extension L/K of
Galois group G having local degrees at at least one prime p > B
bounded by |G1|[K : Q].
(2) Suppose that, for some m ≥ 1, Gm has a metacyclic p-subgroup
and exp(Gm) is prime to |µ(K)|. Then then there exists a Galois
extension L/K of Galois group G having local degrees at p bounded
by |Gm|[K : Q].
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Proof. Proof of (1). We start with the group G1. Since this group is
solvable, we can construct infinitely many linearly disjoint extensions of K
having G1 as Galois group; this follows from the fact that G
n
1 is solvable for
every n, therefore realisable by Shafarevich’s theorem.
By Hermite’s theorem, there are finitely many number fields with bounded
discriminant and, for every prime p, the p-adic valuation of the discriminant
of a number field is bounded solely in terms of the degree of the field (see
for instance [BG], Theorem B.2.12). Therefore, for every B > 0 we can
choose a realisation K1/K of G1 such that disc(K1/Q) is divisible by a
prime p > max(B,disc(K/Q)).
Let v be a prime of K above p. Then v ramifies in K1/K, since p ramifies
in K1/Q but not in K/Q (remember that p > disc(K/Q)).
From [NSW, Theorem 9.5.10 and Theorem 9.5.11(i)], for every m ≥ 2, as
Gm = Nm ⋊ Gm−1 and Nm is nilpotent, there is a solution Km/K to the
embedding problem (Km−1/K,Gm, Nm) such that the primes ramifying in
Km−1/K split totally in Km/Km−1. In particular, by the previous consid-
erations, v ramifies in Km/K for every m (it ramifies already in K1/K) and
therefore it splits completely in all extensions of the form Km+1/Km.
Set L =
⋃
mKm. By construction, Gal(L/K) = G and the local degrees
of L at p are bounded by [K1 : Q].
Proof of (2). Let p be a rational prime and suppose that there exists
an index m such that Gm possesses a p-metacyclic subgroup, say Hm,p and
exp(Gm) is prime to |µ(K)|.
In view of Lemma 2.10 of [Nef12], the group Hm,p is realisable over any
p-adic field. Moreover, from Neukirch’s result [Neuk79], we can find a reali-
sation Km/K of Gm such that, for every prime v of Km above p, the local
extension Km,v/Kp has Galois group Hm,p. This implies that p ramifies in
Km, otherwise the local extension would be cyclic.
Again, by [NSW, Theorem 9.5.10 and Theorem 9.5.11(i)], for every n > m
we can find a solution Kn/K of the embedding problem (Kn−1/K,Gn, Nm)
such that every prime v of Kn above p splits completely in Kn/Km. Setting
L =
⋃
nKn, by construction Gal(L/K) = G and the local degrees of L at p
are bounded by [Km : Q]. 
Remark 7. An example of a family {Gm}m satisfying the hypothesis of
Proposition 2 can be easily constructed, as in Theorem 1, by taking direct
products of nilpotent groups. However, this is not the only possible example.
Indeed, let G = Aut(T2) be the group of automorphisms of the rooted binary
tree T2. Then G is the inverse limit of the family of groups {Gm}m where
G1 = {1}, Gm+1 ≃ Nm ⋊Gm, where Gm is the automorphism group of the
subtree of depth m and Nm ≃ (Z/2Z)
m (the action is the one of Gm on the
subtree in the next level).
However G cannot be written as a direct product of a family of finite
nilpotent groups. Indeed, suppose G =
∏
nHn with Hn finite and nilpotent
for every n. Then the center of G would be the direct product of the centers
of the Hn’s, thus infinite, while it consists of only two elements, the identity
and the conjugation (which flips all subtrees).
Remark 8. Notice that, in point (2) of Proposition 2, the group Hm,p needs
just to be not cyclic and realisabe over any p-adic field. In particular, if
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K = Q and p is odd, we may suppose that Hm,p is any p-group with two
generators: indeed, by Shafarevich’s theorem [Sha56], these groups are re-
alisable over Qp.
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